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Abstract 

Recently, for spinless non-relativistic particles, Norsen, Marian and Oriols mm show that in 
the de Broglie-Bohm interpretation it is possible to replace the wave function in the configuration 
space by single-particle wave functions in physical space. In this paper, we show that this replac- 
ment of the wave function in the configuration space by single-particle functions in the 3D-space 
is also possible for particles with spin, in particular for the particles of the EPR-B experiment, 
the Bohm version of the Einstein-Podolsky-Rosen experiment. 


1 Introduction 

A major difficulty of the wave function interpretation of N particles in quantum mechanics is its 
definition in a 3N-dimensional configuration space. Since the Solvay Conference in 1927, de Broglie 
and Schrodinger considered the wave function of N particles introduced by Schrodinger in the 3N- 
dimensional configuration space as fictitious and proposed to replace it by N single-particle wave 
functions in 3D-space: 

"It appears to us certain that if one wants to physically represent the evolution of a system 
of N corpuscles, one must consider the propagation of N waves in space, each N propaga¬ 
tion being determined by the action of the N-1 corpuscles connected to the other waves. 
Nevertheless, if one focusses one’s attention only on the corpuscles, one can represent 
their states by a point in configuration space, and one can try to relate the motion of this 
representative point to the propagation of a fictitious wave 'h in configuration space. It 
appears to us very probable that the wave 

^ = a{qi,q2,...,qn)cos‘^if{t,qi,...qn), 

"a solution of the Schrodinger equation, is only a fictitious wave, which in the Newtonian 
approximation, plays for the representative point of the system in configuration space the 
same role of pilot wave and of probability wave that the wave 'h plays in ordinary space in 
the case of a single material point. " Louis de Broglie |3], cited by Norsen |Tj 

"This use of the q-space [configuration space] is to be seen only as a mathematical tool, 
as it is often applied also in the old mechanics; ultimately... the process to be described is 
one in space and time. " Erwin Schrodinger |3], cited by Norsen et al. [2j p.26 
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However, this program to replace the wave function in a 3N-dimensional configuration space by 
N single-particle wave functions was prematurely abandoned. It was recently re-opened by Norsen, 
Marian and Oriols mm- For spinless non-relativistic particles, these authors show that it is possible 
in the de Broglie-Bohm pilot-wave theory to replace the wave function in the configuration space by 
N single-particle wave functions in physical space [2]. These N wave functions in 3D space are the 
N conditional wave functions of a subsystem introduced by Diirr, Goldstein and Zanghi |6l|7]. For a 
N-particle wave function X 2 , xat, t), the N conditional wave functions are: 


Ti(x,t) = ^{x,X2,...,XN,t)\^^=X2{ty,XN=XN{t) 

^2{x,t) = ^'(xi,X,...,XAr,t)U^=Xip);xjv=Xjvp) 

^'Ar(x, t) =^{xi, ..., XN-l,X, t)Ui=Xi(i);a;^_i=Xjv-i(t) 

where Xi{t) is the position of the particle i at time t in the Bohmian mechanics. The evolutions of 
these positions X{t) = {Xi{t), X2{t), ...,Xjv(t)} are given by the guidance formula: 


dXijt) 

dt 


h ^ ViT _ h ^ VTi 


The aim of this paper is to show that this replacement of the wave function in the configuration 
space by single-particle functions in the 3D space is also possible in the de Broglie-Bohm interpretation 
for particles with spin, in particular for the particles in the singlet state of the EPR-B experiment, 
the Bohm version of the Einstein-Podolsky-Rosen experiment. 

To realize, in Bohmian mechanics, this decomposition, we use an explicit solution of the wave 
function of the EPR-B experiment. The first analytic expression of the wave function and of the 
probability density for the EPR-B experiment was done in 1987 by Dewdney, Holland and Kyprian- 
idis [To] via a complete integration of the two-body Pauli equation over time and space. They give 
also the first causal interpretation of the EPR-B experiment |10[ m- However, this interpretation 

presents a flaw: the spin module of each particle varied during the experiment from 0 to —. The 
contribution of this paper is, first, to correct this flaw by considering a spin module always equal to 
—, and, second, to replace the singlet spinor of two entangled particles by two single-particle spinors. 

The rest of the paper is organized as follows: section 2 recalls how Bohmian mechanics defines 
the spin of a quantum particle and how it interprets its measurement in a Stern-Gerlach apparatus. 
The explicit solution of the two-body Pauli equation over time and space for EPR-B experiment, is 
presented in section 3. A new causal interpretation of the EPR-B experiment is proposed in section 
4, correcting the flaw of the previous studies and allowing to replace the singlet spinor by two single¬ 
particle spinors. 


2 Spin and its measurement in Bohmian mechanics 


In the Gopenhagen interpretation, the state of a spin 1/2 particle is given by the wave function 
\I'(x, t), called Pauli spinor, which has two complex components 'I'+(x, t) and T~(x, t). The non¬ 
relativist evolution of the spinor T(x, t) = ^ neutral spin- 1/2 particle with a mass m 

and a magnetic moment p, in a magnetic field B, is given by the Pauli equation: 


ih 


dt 

d'$~ (x,t) 



4'+(x,t) 

4'-(x,t) 


-|- /xB<t 


4'+(x,t) \ 
4'-(x,t) J 


( 1 ) 


where cr = (cJi,CJ 2 ,CT 3 ) corresponds to the three Pauli matrices. 
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In the de Broglie-Bohm interpretation, the wave fnnction does not completely represent the state 
of the quantnm particle and it is necessary to add the particle position X{t). The evolntion of the 
spinor is still given by the Pauli equation Q and the evolution of the position is given by the guidance 
formula introduced by Takabayasi |8j, Bohm et al. |^: 


( 2 ) 

dt 2mp ^ ^ ^ ^ 

where and p = A two-component spinor can be linked to the three Euler 

angles (0,ip,x) and we can write (cf. Bohm and Hiley |13| p.206): 




T+(x,t) 

T-(x,t) 




0 \ 
cos^e 2 \ 

• • 0 ’ 

isin^e 2 j 


where p, y, 9 and p are functions of x and t. Bohm and al. define the spin vector as 


s(x, t) = = -{sin6 sirup, sin9 cosp>,cos6). 

2p 2 


(3) 


More properly, s(x, t) is a spin vector field: in each point of the 3D space, a vector is defined by the 
orientation of 6 and (p. The spin vector of an individual particle defined by 'k(x, 0) and X(0) is given 
by the Eq. Q evaluated along its trajectory X{t): 


s{t) = s (x,t)|x=x(i) = ^{X{t),t). 


(4) 


The spin vector therefore depends on the spinor and on the position of the particle. As Diirr, 
Goldstein and Zanghi remark |7]: "Unlike position, spin is not primitive, i.e., no actual discrete 
degrees of freedom, analogous to the actual positions of the particles, are added to the state description 
in order to deal with "particles with spin ". Roughly speaking, spin is merely in the wave function ". 

In the de Broglie-Bohm interpretation, the initial wave function of a quantum particle, prepared 
with a spin vector having (0o ,<Po ) as Euler angles, is described by a spinor as the following: 


To(x, 2;) = (27rcro) ag 


■‘‘^0 


cos^e*"? 

sinfe-*^ 


= (27rcT| 


2 \- 


26 


^ 9o im, ~ . 9o -im, 

cos —6 2 1+) -|- sm —e 2 | 

,2 2 


(5) 

( 6 ) 


corresponding to a pure state. 

Quantum mechanics textbooks [a la eg cz] do not take into account the spatial extension of 
the spinor ^ and simply use the simplified spinor without spatial extension: 


To = 


cosfe*^ \ 
sin|e-*^ )' 


(7) 


This spatial extension enables, in following the precursory works of Takabayasi |g, Bohm et al. |9] 
and Dewdney and al. |in| . to taking into account the spin evolution during the measurement. Indeed, 
the difference in the evolution of the spatial extension between the two spinor components has a key 
role in the explanation of the measurement process with Bohmian mechanics (cf. equation (32) in 
Appendix). 

In the Stern-Gerlach experiment, the spin of equations ([^ or (Q is not directly measured; its 
measurement is obtained, after passing through an electromagnet during a time At, from the impact 
of the particle on a screen located 20 cm after the Stern-Gerlach electromagnet. This distance 
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corresponds to the time required to separate the initial wave packet into two disjoint packets; this is 
the decoherence time to (cf. equation (35) in Appendix). 

The measurement of spin (up or down along the z-axis) has no a pre-existing value before mea¬ 
surement. For the spinor (^, the initial spin vector s(A(0),0) = ^(sin^o sin(^ 0 ) sin 0o cos cos^o) 
does not depend on the initial position A(0) = {xq^uo^zq), but will evolve as s{X{t),t) differently 
during measurement depending on the initial position zq of the particle. 

Figure [^presents in the {Oyz) plane, 10 trajectories of silver atoms having the same initial spinor 
orientations {Bq = = 0) but having 10 different initial positions zq. Those initial positions 

zq have been randomly chosen from a Gaussian distribution with standard deviation (Tq. The spin 
orientation 9{z{t),t) of each atom is represented by arrows. 



Figure 1: Ten silver atom trajectories with the same initial spinor orientation (Oq = |) and with 10 
different initial positions zq] arrows represent the spin orientation 9{z{t),t) along the trajectories. 


The final orientation, obtained after the decoherence time to (equation (35) in Appendix), depends 
on the specific initial particle position zq in the spinor with a spatial extension and on the initial angle 
9q of the spin with the z-axis. In previous works |11[ 118] . 9{tD) = +f is obtained if zq > z^° and 
9{tD) = — f if -20 < -2^^“ with 


.Oo _ 


= 


-1 


. 2 ^0 
sm — 
2 


( 8 ) 


where is the cumulative distribution of the standard normal distribution. If we ignore the position 
of the atom in its wave function, we lose the determinism given by equation ([^. 

In the de Broglie-Bohm interpretation, the "measured" value is not a preexisting value. It is 
contextual and conforms to the Kochen and Specker theorem |12| . 

Finally, the Bohmian mechanics proposes a clear interpretation of the spin measurement in quan¬ 
tum mechanics. There is interaction with the measuring apparatus as Bohr said; and there is indeed 
a minimum time required to measure. However this measurement and this time do not have the 
meaning that is usually attributed to them. The result of the Stern-Gerlach experiment is not the 
measure of the spin projection along the z-axis, but the continuous orientation of the spin either in 


4 


























Figure 2: Schematic configuration of the EPR-B experiment. 


the direction of the magnetic held gradient, or in the opposite direction. It depends on the position of 
the particle in the wave function. We have therefore a simple explanation for the non-compatibility 
of spin measurements along different axes. The measurement duration (t ^ tn) is then the time 
necessary for the particle to point its spin in the hnal direction. 


3 Explicit solution of the spinor in configuration space for the EPR- 
B experiment 


Figure 1^ presents the Einstein-Podolsky-Rosen-Bohm experiment. A source S creates in O an en¬ 
tangled pair of identical atoms A and B, with opposite spins. The atoms A and B split following 
the y-axis in opposite directions (B with velocity vo, A with velocity —no), and head towards two 
identical Stern-Gerlach apparatuses A and B. 

The electromagnet A "measures" the A spin in the direction of the z-axis and the electromagnet 
B "measures" the B spin in the direction of the z'-axis, which is obtained after a rotation of an angle 
6 around the y-axis. 

In most papers on EPR-B experiment, the initial wave function of the quantum system composed 
of two entangled particles is the singlet spinor: 

>I-„=4(I+a)|-b)-|-/i)I+b)) (9) 


where |±yi) (resp. |±b)) are the eigenvectors of the spin operators Sz^ (resp. Szg) in the z-direction 
pertaining to particle A (resp.B): SzJ±a) = (resp. Szg\±B) = M^)\^b))- 

More specihcally, the initial singlet wave function has a spatial extension: 


'^oivAAB) = -^f{rA)f{rB){\+A)\-B) - |- a )|+ b )) 


( 10 ) 


where r = {x,z) and /(r) 


(2 


2 \ —- 
Trai) 2e 




This spatial extension is essential to solve correctly 
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the Pauli equation in space. Moreover, in Bohmian mechanics, the spatial extension is necessary to 
take into account particle position. 

in the Copenhaguen interpretation, the result of the simultaneous measurement of two spins is 
obtained directly from the initial wave function (|^ written in the basis of the eigenvectors of the 
measuring operators, using for this the quantum-mechanics measurement postulates. For this, we 
make a coordinate change of the particle B, placing it in the plane x'Oy' obtained from Oz by 
rotation 5 around Oy. So we have: 

xb = x'b cos 8 + z'b sin 6 and zb = —x'b sin 6 + z'b cos 6. 


in the new basis |±^) of the eigenvectors of the operator cr^^, the spinors are written: 

s s s s 

l+s) = cos-|-Fb) -hsin-l-'^) and hs) = - sincos -|-s). (H) 

The initial wave function © is then written: 

'I'o = 2 \~^a)\+'b) + cos -\+a)\—'b) ~ cos -^\—a)\+'b) ~ s™ -|—yi)|—s))- (12) 

Since, in the EPR-B experiment, A spin is measured along the z-axis and that of B along the 
z'-axis, the wave function (12) predicts the following probabilities for the measuring torques: 


^(+>+) = ^(->-) = ^sin^ ^ , P(+,-) = P(-,+) = Icos^ ^ 


(13) 


where P(-|-, —), for example, corresponds to the probability to find A with the spin up (+) and B 
with the spin down (—). 

The same probabilities are obtained if we take the initial singlet (10) with a spatial extension. 
Indeed as /(r^) = /(r^), we have: 

'I'o(rA, Ts) = ;^/(rA)/(rB) ^ “ sin-|-|- a)|+b) + cos-|-|- a)|—b) 

- cos-|— a)|+b) — sin-|— a)|—(14) 

and the calculation of P(-l-, —) for example is made by integration : 

P{+^-) = J\ ^l/(rA)| V(r'i?)P*Adrs = ^ cos^ 


In the de Broglie-Bohm interpretation, the postulates of quantum-mechanics measurement are not 
used and results of the measurement are obtained by calculating the evolution of the wave function 
in interaction with measuring apparatuses (see Appendix for numerical values). 

Let us consider the wave function of the two particles A and B of the EPR-B experiment in the 
configuration space. These are two identical particles:both are electrically neutral, with magnetic mo¬ 
ments jjL, and are respectively subject to magnetic fields and B®. This wave function 'L(r^, rB,t) 
admits 4 components 'I'“’^(r^, r^, t) on the basis [1 ±a)) lis)] with a = ± and 6 = ±, and its evolution 
is given by the two-body Pauli equation (see Holland |22) p. 417 and Diirr et al. m)- In Einstein 
notation this is expressed as: 


ih 


Q^,a,b 

1h~ 
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with to 3. The initial conditions are: 


= TQ’^(rA,rB) 


(16) 


where the 'I'g’^(ryi, r^) correspond to the singlet state (10). 

One of the difficulties of the interpretation of the EPR-B experiment is the existence of two 
simultaneous measurements. By doing these measurements one after the other as proposed in 1987 
by Dewdney, Holland and Kyprianidis HU, it facilitates the interpretation and calculation of the 
experiment. That is the purpose of the two-step version of the EPR-B experiment studied below. 


The latter experiment is equivalent to the previous experiment and gives the usual correlations (13) 
of the initial EPR-B experiment. 

Classic treatments of the EPR-B experiment within Bohmian mechanics isaiiniEi] focus only on 
final calculations in order to ensure consistency with experimental results. In our view, intermediate 
formulas (those after the first step) are also very interesting to present. That is why we detail below 
the complete calculations and the conclusions after each step. 


3.1 First step: Measurement of A spin 


In the first step we make, on a pair of entangled particles A and B, a Stern-Gerlach "measurement" 
for atom A, then in the second step a Stern-Gerlach "measurement" for atom B. 

Consider that at time to the particle A arrives at the entrance of electromagnet A. At is the 
duration of crossing electromagnet A and t is the time after the A exit. At time to + At -|- t, wave 


function (10) becomes Eni: 


l'(rA,rB,to-h At-ht) = {f^{rA,t)\+A)\-B) - f (rA, t)|-A)|+B)) (17) 


with 

/=^(r,t) ~ f{x,z^ZA T (18) 

where za and u are defined in Appendix by equation ( |33| ). 

The atomic density p{zA, zbAo + At + t) is found by integrating 'I''^(rA, r^, to -|- At -|- t) x 
^(rA, xb, to + At -|- t) on xa and xb- 


p{zA,ZB,to + At+ t) = (27r(To) 


(^b) 

7r(Tn)“2e ^‘"0 


(19) 


X (27rfTo) "o h 




-k e 


(zj^+z^+uty 

^0 


Our previous studies Eni on the EPR-B experiment are based on equations (|17[) and (|19[), which 


are not explicitly presented in the classic Bohmian framework. We deduce from (19) that the beam 


of particles A is divided into two parts, while the B beam of particles is not, and remains stable. 
Moreover, we note that the space quantization of particle A is identical to that of an free particle in 
a single Stern-Gerlach apparatus: the distance Sz = 2 (za + ut) between the two spots N~^ (spin +) 
and N~ (spin —) of a set of particles A is the same as the distance between the two spots N~^ and 
N~ of a set of particles in a single Stern-Gerlach experiment |18) . cf. (34) in Appendix. We finally 


deduce from (19) that: 


the density of B is not affected by the "measurement" of A, 


the density of A is the same, whether particle A is entangled with B (19) or not. 
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These two results can be tested experimentally. We also conclude from ( |17[ ) that the spins of A 
and B remain opposite throughout the experiment. This analysis of the first step was not made in 
the previous Bohmian approaches. It also provides the possibility of replacing the single spinor of 
two entangled particles with two independent single-particle spinors, plus an interaction-at-a-distance 
that maintains the two spin vectors in opposite directions. 


3.2 Second step: "Measurement" of B spin. 

After a hrst step of a Stern-Gerlach "measurement" on atom A, between to and ti = to + + to, 

the second step corresponds to a Stern-Gerlach "measurement" on atom B, with an electromagnet B 
forming an angle 6 with A between ti and ti -|- At -|- t^. 

At time ti, the wave function in configuration space is given by 0 with t = tD- In the new basis 
[|±a )5 lifi)]; this wave function is written: 




sm^f+{rA,tD)\+A)\+'B) +COS {rA,tD)\+A)\-'B) 

6 S 

cos -f~{rA, tD)\-A)\+B) - sin-/"(rA,tD)|-A)|-B) 


( 20 ) 


After the measurement of B at its exit of magnetic held B, at time ti + At + to, the wave function 


(20) becomes: 


^'bi ti + -|- ti)) — 


- sin -/+ (rA, tD)(rB, ti)) I -h a) I +5 ) 

+ cos -f+{rA, to)f~{r'B,tD)\+A)\-B) 

- COS^f~{rA,tD)f^{r'BAD)\-A)\+'B) 

- sin -/■ (rA, tD)f~{r's, to)]- a)\-'b) 


( 21 ) 


Equation (21) predicts probabilities of (13). The calculation of ^(-1-, —), for example, is made by 
integration: P{+,-) = j ^ cos^ ^|/+(rA, to)P|/"(rB, tD)l^dfAdr^ = ^cos^^- 

Similarly to Holland, we obtain, for spatial quantization and correlations of spins in this two- 
step version of the EPR-B experiment, the same results as in the EPR-B experiment. The EPR 
correlations are therefore obtained only by solving the two-body Pauli equation without using the 
quantum-measurement postulates. 


4 Two single-particle spinors in the EPR-B experiment 

Ill this section, we present the principal contribution of the paper: how to replace the singlet spinor of 
EPR-B experiment with two single-particle spinors plus an interaction-at-a-distance that maintains 
the two spin vectors in opposite directions. When the entangled pair of particles A and B is created, 
we assume that each particle has the initial wave function: T^(rA, ¥?(^) and 'I'^(rB, 0^, (/?^) like 
in equation 

'^oi^A,OQ,iPo) = fir a) ^cos^|-Fa) + sin^e*‘^o |-a)^ (22) 

and 

/ nB qB \ 

^0 (rs, <P^) = /(rs) (^cos ^1+^?) + s™ 
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Moreover those spinors have opposite spins: 6^ = n — 6 q, — vr. We treat the dependence 

on y classically: speed —vq for A and vq for B. Then the Pauli principle tells us that the two-body 
wave function must be antisymmetric; it is written: 


^o(rA, Oa, pa, yb,0b, Pb) = (^A, Oa, pa)'^%{yb, Ob, Pb) - Ob, PB)^Bi^A, Oa, Pa) 


i.e. 'I>o{rA,0A,PA,rB,0B,PB) = /(rA)/(rB)[(cos %-|-hA)+sin ^e*‘^^|-A))(cos ^|-hB)+sin 




(cos ^|-FA)+sm ^e*‘^'B|-A))(cos ^|-hs)-Fsin 




and after calculation we obtain the same 


singlet state as (10), factor-wise: 


^o{rA,OA,PA,rB,OB,PB) = -e"'^'^f{rA)f{rB)i\+A)\-B) - |- a )|+ b )) 


The assumption of the existence of initial wave functions and 

(equations (22 |^ )) is consistent with singlet state ( |10[ ) and new in Bohmian interpretations. It 
is important to note that each entangled pair of atoms has a different value of {6q,Pq) and thus 
{9q = TT — 6q, Pq = Pq — vr). At each emission of one EPR-B pair, the initial spin directions are 
unknown: 9 q have a uniform distribution over [0,7r] and p^ have a uniform distribution over [0,27r], 
according to the invariance in all rotations in 3D space. 

This interpretation differs from the classic Bohmian interpretation. Indeed, in Dewdney and 
al. [iniEI], Bohm and Hiley jl3] (p. 226) and Holland [22] (p. 417 and 467), the spin vectors are 
defined by a generalization of the definition ^ applied to the singlet wave function, and no to a wave 
function in the 3D space. These authors find for each particle an initial spin that is strictly zero and a 

variation of the spin module during the experiment from 0 to —. This solution gives mathematically 
a causal interpretation of the EPR-B experiment, but variability of spin module causes it to lose its 
physical sense. 

With our assumptions, we consider two initial spin vectors and with a module — as in 
the one-body case. It is the total spin of the singlet that is equal to zero. We therefore assume 


that, at the initial time, we know the wave functions (22) and (23) of the particles A and B. In the 
de Broglie-Bohm interpretation, we assume also that the intial position of particle A is known {xq, 
= 0, Zq) as well as of the particle B {xq , y^ = 0, Zq). 

It remains to determine the evolution of these wave functions and the trajectories of particles A 
and B. 


Let’s start with particle A. Equation (19) shows that the density of A is independent of that of 


B: it is equal to the density of a family of free particles in a Stern-Gerlach apparatus, whose initial 


spin orientation has been randomly chosen (it is exactly the density given by equation (34) in the 


Appendix). Since the particle A can be described by the initial wave function (22), we can assume 
that its evolution is that to a free particle in a Stern-Gerlach apparatus, i.e.: 


0^ 


T^(rA,to + At + t) = cos -)^f~''{rA,t)\+A) + sin / (r^^t)\-A) 


(24) 


For an initial polarization {9q,Pq) and an initial position (zq), we obtain, in the de Broglie- 
Bohm interpretation |13| . an evolution of the position (^^(t)) and of the spin orientation of A 
{9^{zA{t),t)) |18) . In the interval [to, to + At] during passage through the electromagnet, we ob¬ 
tain: 


dzA 

dt 

with tan 


yoBot 


m 


9{zA{t),t) 


cos9{za, t) 

Q _ 

= tan—e 
2 


(25) 


9 













with the initial condition ZA{to) = z^; and in the interval [tg + At, tg + At +1] (t > 0) after passing 
through the electromagnet: 


tanh( ^^^'*~2*^^^ ) + cos 00 
^0 

; - - - 

1 + tanh( ^^^'*~2*^^'^ ) cos 00 
^0 

, ^ e{zAit),t) ^ 00 

and tan —— -- = tan —e o 

2 2 


dzA 

dt 


(26) 


It is this evolution of the polarization which is shown in Figure for the initial polarization 


vr 


(00= — ). The behavior of particle A is independent of B, whether the particle is entangled or not. 


Let us now study particle B. Equation (19) shows that the density of B is independent of time and 


of the density of B: it is equal to the density of a family of free particles, which is constant in x and 
z. Therefore we can assume that the particle B is immobile in x and z: ZB{t) = Zq and XB{t) = Xq. 
Moreover, B follows a rectilinear classical trajectory in y with yB{t) = VQt. 

Equation ([T^ shows that spins of A and B remain opposite throughout step 1. The spin of a 
particle A is oriented gradually following the position of the particle. The spin of particle B follows 
that of A, while remaining opposite. Therefore, we can assume that the orientation of B spin is driven 
by the orientation of A spin, like an interaction-at-a-distance: 


6^ (t) = TT — 9{zAit),t) and (p^{t) = (p{zA{t),t) — tt. 


B/ 


(27) 


Since the particle B can be described by the initial wave function (23), we can then associate to 
the particle B the wave function: 


^^{rB,to + At + t) 


fi^B) 



e^{t) 

2 


\+b) +sin 


2 



(28) 


This wave funtion is specific, because it depends upon initial conditions of A (positions and spins). 
The orientation of B spin is driven by that of particle A through the singlet wave function. Thus, the 
singlet wave function is the non-local hidden variable. 

Finally, during the first step, the singlet spinor in configuration space can be replaced by the 
two single-particle spinors given by equations (24) and (28). 

After the "measurement" of A at time ti = to + At Ato, if the A measurement is -|- (respectively 

TT TT 

—), i.e. 6{zA{t),t) = +“ (resp.-), we can deduce from equations (27) and (28) that: 




(resp. f{rB)\+B)) 


(29) 


We have also x^(ti) = Xq and x^{ti) = Zq . After this first "measurement", the second step of the 
EPR-B experiment is exactly the case of a single particle in a Stern-Gerlach magnet B which is at an 
angle 6 (resp. n — 6) in relation to A. 

Figurej^represents the evolution of trajectories and the spin orientations of three pairs of entangled 
A-B atoms in the first step of the EPR-B experiment. The three pairs of A-B particles are represented 
in black, gray and white on the figure. There are created at the initial moment in y = 0 {yQ = y^ = 0). 
The respective positions of A and B in relation to z, Zq and Zq , at the initial moment have been 
randomly chosen. The orientation of the spin of A at the initial moment, 0^, is randomly chosen, 
in opposition to B, i.e.: 9q = tt — 9^ (and ip^ = ip^ — vr). Particle A goes to the right and cross a 
Stern-Gerlach device. Particle B goes to the left without crossing any device. The spin orientation 
(0) is indicated by an arrow: the arrows on the right (respectively on the left) represent the evolution 
of the spin orientation of A (respectively of B). 
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Figure 3: Evolution of the trajectories and the spin orientations (arrow) of three pairs of entangled 
A-B atoms (represented in black, gray and white) in the first step of the EPR-B experiment. There 
are created at the initial moment in ?/ = 0 (y^ = Hq = 0). Zq and z^have been randomly chosen. 
6q is also randomly chosen, 6q is in opposition to 0q, i.e.: 6q = n — 9 q. Particle A goes to the right 
and cross a Stern-Gerlach device. Particle B goes to the left without crossing any device. The spin 
orientation along a trajectory {0) is indicated by an arrow. 
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5 Conclusion 


We first recalled the definition of the spin vector in Bohmian mechanics (dependent on both wave fnnc- 
tion and position) and its evolntion dnring the phenomenon of measnrement. In Bohmian mechanics, 
the "measnred" valne is not a preexisting valne. It is the valne obtained after a continnons orientation 
of the spin, either in the direction of the magnetic field gradient, or in the opposite direction. 

Next, we have shown that, for the two entangled particles of the two-step version of the EPR-B 
experiment, it is possible to replace the singlet spinor in confignration space by two single-particle 
spinors in physical space, given by eqnations (24) and (28). 

We have demonstrated that the "first-measnred" particle A behaves in a Stern-Gerlach apparatns 
as if it were not entangled. Dnring the measnrement of A, the particle density of B evolves as if it 
were not entangled. These two properties conld be tested experimentally when the EPR-B experiment 
can be carried ont easily. This resnlt was obtained in the de Broglie-Bohm interpretation nsing an 
integration of the two-body Panli eqnation over time and space from an initial singlet with a spatial 
extension (10). 

As de Broglie and Schrodinger stated at the Solvay Conference in 1927, the wave fnnction in 
confignration space may only be a mathematical tool that can be replaced by more physical wave 
fnnctions. In onr model, the A wave fnnction is the same as that of a free particle in a Stern-Gerlach 
apparatns, the B wave fnnction is the same as that of a free particle whose spin orientation vector 
is driven by the orientation of the A spin. Thns, we obtain a possible physical nnderstanding of the 
EPR-B experience and the entanglement. 

Onr interpretation goes beyond the limit of the one pnt forward by Dewdney, Holland and Kypri- 
anidis [10], where EPR-B spins evolved from 0 to — from creation to measnrement, which fits badly 
with spin qnantification. We thns make the de Broglie-Bohm interpretation more credible. 

These resnlts also reopen the discnssion abont the completeness of qnantnm mechanics and the 
existence of hidden variables. Firstly, it clearly shows that Bohmian mechanics, which only nses 
resolntion of the Panli eqnation, gives the same statistical resnlts as the Gopenhagen interpretation 
for the Stern-Gerlach and EPR-B experiments. It is the two-body Panli eqnation that conples spin 
and spatial degrees of freedom in eqnations 0 and ( [2l| ). Moreover, the measnrement postnlates 
and the postnlate of wave packet rednction are not nsed in Bohmian mechanics and we show that 
they can be demonstrated (cf. Appendix). 

The wave fnnction of the singlet state alone introdnces non locality: when we replace a singlet 
wave fnnction in the confignration space with two wave fnnctions in the 3D physical space, we mnst 
introdnce interaction-at-a-distance (eqnation (|27|)) between the A spin orientation and that of B. 

Thus, the non-local influence in the EPR-B experiment only concerns the spin orientation, not the 
motion of the particles themselves. This is a key point in the search for a physical nnderstanding of 
this non-local inflnence. 


Appendix: Spin "measurement " in the Stern-Gerlach experiment 

The measnrement of spin of a silver atom is carried ont by a Stern-Gerlach apparatns: an electro¬ 
magnet A, where there is a strongly inhomogeneons magnetic field, followed by a screen P (FigQ. In 
the Stern-Gerlach experiment, silver atoms contained in the oven E are heated to a high temperatnre 
and escape throngh a narrow opening. A second apertnre, T, selects those atoms whose velocity, no, 
is parallel to the y-axis. The atomic beam passes throngh the gap of the electromagnet A, before 
condensing on the screen P on two spots of eqnal intensity N~^ and N~. The magnetic moment of 
each silver atom before crossing the electromagnet is oriented randomly (isotropically). 
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Figure 4: Schematic configuration of a Stern- Gerlach apparatus. 


In the beam, we represent the atoms by their wave function; one can assume that at the entrance 
to the electromagnet A (at the initial time t = 0), each atom can be approximatively described by a 
Gaussian spinor in x and z: 


z) = (27rcTQ) 2e 


cos 

sin|e-*^ 


(30) 


corresponding to a pure state. The variable y is treated in a classical way with y = vot. 

In (30), 9q and cpo characterize the initial orientation of the spin. This initial orientation being 


randomized, on may suppose that 9q is drawn in a uniform law from [0, vr] and that (po is drawn in a 
uniform law from [0, 27r]; In this way, we obtain a beam of atoms in which each atom has a different 
spinor: this is a model of a mixture of pure states. 

In the Gopenhagen interpretation, it is not necessary to resolve the Pauli equation. Just applying 
the postulates of quantum-mechanics measurement is sufficient. For measurement of the spin along 
the z-axis, the postulate of quantification states that the measurement corresponds to an eigenvalue 
of the spin operator Sz = and the spectral decomposition postulate states that equation ^ 

gives probability (resp. sin^^) to measure the particle in the spin state (resp.—g). 

In the de Broglie-Bohm interpretation, the postulates of quantum mechanics measurement are not 
used, but demonstrated (see below). The results of the measurement are obtained, first by calculating 
the evolution of the wave function in interaction with the measuring apparatus with the Pauli equation 
(equation (Q), secondly by using the calculation of the wave function in space and time to pilot the 
particle (equation (|^). 

Let us consider the evolution of the initial wave function (|^ in the Stern-Gerlach apparatus. 
To obtain an explicit solution to the Stern-Gerlach experiment, we take the numerical values used 
in the Gohen-Tannoudji textbook m- For a silver atom, we have m = 1,8 x 10 kg, vq = 500 
m/s , cJo=10“^m. For the electromagnetic field B, Bx = BqX\ By = ^ and Bz = Bq — BqZ with 
Bq = 5 Tesla, -Bq = |^| = — |^| = 10^ Tesla/m over a length A/ = 1 cm. 

The variable y will be treated classically with y = vot. The particle stays within the magnetic 
field for a time At = ^ = 2x 10“®s. On exiting the magnetic field, the particle is free until it reaches 
screen P placed at a Z) = 20 cm distance. 

During this time [0,At], the spinor is calculated (Diirr and al.[3, Gondran |18| 1 with the Pauli 


13 






























equation (j^, where n = 7 ^^ is the Bohr magneton: 


z, t) ~ 


/ ^‘sSn*2^2,_2 .,2 0/2 , \ 

! o,_i ^2 ’ ^ \ 

cos^(27rfTo) 2e 


\ isin ^(27rcrQ) ae 


!^ 2^2 , __2 

v^^—2m ^ * ) I ^ 1-,/ . f^n^n .3 T-> ^ 

-- .-I^BBptz- t -fj,gBQt--^ 


h 

h /2 


/ 


( 31 ) 


After the magnetic field, at time t + At (t > 0), in the free space, the spinor becomes [TSi 


/ 


^(x, z,t + At) ~ 


cos^(27r(TQ) 2e 


(2 — 2^ — tit)^ +x^ 
2^0 ( 


2 + ^(/5| 


\ t sin ^(27riTQ) ae 


(2 + 2^ +t4t) 
^ 9 rr 2 


. —mt42 + ?i(^_ 


/I 


(32) 


where 


*-i = = 10-v, „ = "AIM = im/s. 


2 m 


m 


(33) 


Equation (32) takes into account the spatial extension of the spinor and we note that the two- 


spinor components have very different values. 

Since we have a mixture of pure states, the atomic density p(z, t + At) is found by integrating 
p{x, z,t + At) on X and on {Oq, ipo): 


(2 — 2^ —ut) 


p(z,t +At) = (27rcjg) ^fe ^ 


0 


+ e 


(z+z^+ut)'^ 

2^0 


(34) 


The decoherence time to, where the beam is separated into the two spots N~^ and N ( when 
z/\ + uto ^ 3(To), is then given by the equation: 


to 


3(To z/\ 4 

~ -= 3 X 10 s. 


u 


(35) 


We then obtain atoms with spins oriented only along the 2-axis (positively or negatively). Ex¬ 
perimentally, we do not measure the spin directly, but position (x, ’z) of the particle impact on P. If 
2 G A"*", the term ijj~ of (32) is numerically equal to zero, and the spinor T is proportional to (J), 
one of the eigenvectors of az ■ 


1 0 — 

'^{z,t + At) ~ (27rcrg)“4 cos —e 


(2 — 2 ^ 


z+fiv)_|_ / 1 
” ' 0 


(4), the other eigenvector of 


If 2 G A , the term of (32) is numerically equal to zero and the spinor T is proportional to 


0-2: 


n _(z+z^+ut)'^+P 

'I'(2, t-|-At) ~ (27rc7g)“ J sin-^e i 


. —muz-\-h(f _ ! Q 

1 


Therefore, the measurement of the spin corresponds to an eigenvalue of the spin operator Sz = ^cTz- 


It is a proof o 


the postulate of quantization in Bohmian mechanics. 


Equation (32k gives the probability cos^ ^ (resp.sin^ ^) of measuring the particle in the spin state 


(resp. —2). It is a proof of the spatial decomposition postulate in Bohmian mechanics. 

Fig. [^presents in xOy a set of 10 silver-atom trajectories of which initial characteristics {9q,(Pq,zq) 
have been randomly chosen: Oq and po, which define on one hand the wave function, have uniform 
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Figure 5: 10 silver atom trajectories after the electro-magnet where the initial characteristics 

(0O)¥^O)2o) have been randomly chosen; Arrows represent the spin orientation 9{z{t),t). 


distributions, and Zq, which on the other hand dehnes the particle position in the wave function, 
has a normal distribution AA(0 ,(To). This double representation of quantum particles allows to take 


into account a mixture of pure states which satishes the density of (34). Spin orientation 6 {z{t),t) is 
represented by arrows. 

We can see that the hnal orientation, obtained after the decoherence time will depend on 
the initial particle position Zq in the wave packet and on the initial angle 9q of the atom magnetic 
moment with the z axis. 

Finally, we can also give a clear explanation of the Albert’s example on contextuality [23] (p. 
153-155). He considers a Stern-Gerlach experiment where the initial wave function is a pure state 
with symmetric spin orientation (0o = ^ and so z^° = 0). He changes, in a second experiment, the 
orientation of the magnetic held inside the Stern-Gerlach apparatus (B into -B). For the same initial 
position of atoms ( for example zq > 0), the hrst experiment gives a spin + and, in the second, a 

dBz 

spin —. Bohmian mechanics explains this result: u and z^ are proportional to Bq = —— (equation 


dz 


(33)), and therefore change their signs like B. By solving the Pauli equation, Bohmian mechanics is 


naturally contextual (involves the measuring device). 
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